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Photographic films are multilayer polymer structures coated from solution onto a
relatively rigid substrate, chilled into a solid gel, and then dried into a permanent coat-
ing. This model predicts stress growth and defect formation during drying of such films
that remain above their glass transition temperature, so that Fickian diffusion persists.
The stress in the drving gel is taken from mixture theory; the polymer network is a
nonlinear elastic or hypoelastic solid, whereas the solvent is an ideal fluid. Conservation
laws and constitutive equations are formulated in terms of the polymer network velocity
and discretized by the mixed method of Guenette and Fortin on an elliptically gener-
ated, independently evolving finite-element mesh. Results include evolution of polymer
velocity, free surfaces, solvent concentration, and residual stress. Various model prob-
lems are solved for drying of uniformly coated films, suspended films (as in tenter-frame
ovens) and around rigid particle inclusions in suspended films and in multilayer photo-
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graphic coatings causing particle migration and drying defects.

Introduction

Thin coatings of polymer solutions are used in a variety of
industrial applications, including photographic film manufac-
ture and processing and microelectronics fabrication and
packaging (Cohen, 1990). Typical coatings are applied on a
substrate as liquids and are then solidified by chilling, drying,
curing, or a combination thereof before attaining useful form.
Volume changes that occur during the solidification process
in combination with the area constraint, due to adhesion to
the substrate or to other layers in the same composite, cause
residual stresses in the coating. In the final coated compos-
ites, residual stresses are among the principal causes of de-
fects such as curl, reticulation, delamination, and cracking
(Cohen et al., 1990; Sato, 1980; Perera, 1984; Bierwagon,
1979). The economic impact of stress-induced defects—
manifested through loss of product, productivity constraints,
and impaired product performance—is on the order of bil-
lions of U.S. dollars per annum (Cohen, 1990).
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The mechanisms of formation of these defects are not well
understood. The best known cause of residual stress is the
thermoelastic stress that arises in cooling composites with
different thermal conductivities in the various layers
(Nowacki, 1986). The generalization of linear thermoelastic-
ity to include concentration effects is straightforward (Sih et
al., 1986). The qualitative mechanism of residual stress aris-
ing due to solvent loss in drying has been confirmed by Croll
(1979) using measurements on glassy, and thus effectively
elastic, coatings. Major difficulties are encountered, however,
in predicting residual stress development in drying of poly-
mer films that have been coated and gelled from dilute solu-
tions such as in the manufacture of photographic films. In
these systems, the volume and geometry of localized defects
can change drastically and the resulting deformation is too
large to justify use of linear elasticity. The rheological behav-
ior of the coatings is typically complicated by phase transi-
tions (sol-to-gel or gel-to-glass) and, even in the absence of
phase transitions, rheological and transport properties vary
by orders of magnitude over the course of drying.
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This work is the first step toward a predictive theory of
stress growth and defect formation in drying of thin polymer
coatings. This undertaking requires elements from disparate
fields of research: rheology of mixtures of elastic solids and
fluids, mass transport within the coating and in the gas phase
external to it, solution thermodynamics of polymer-fluid mix-
tures, and large deformation analysis with associated numeri-
cal methods. While it is not practical to provide comprehen-
sive overviews of any one of these fields here, the most perti-
nent results from the literature will be briefly reviewed as
needed.

Many materials, particularly materials that gel into hard
hydrophobic networks, develop microscopic gaseous inclu-
sions, that is, become porous during drying. In such materi-
als, large residual stresses arise from interfacial tension as
the liquid-vapor interface retreats within the coating (Brinker
and Scherer, 1990, p. 459). Mass transfer in these systems is
mainly by capillarity rather than molecular diffusion (Ceaglske
and Hougen, 1937). By contrast, the materials of interest in
this work, such as gelatin gels, are so deformable and hy-
drophilic as not to support any capillary pressure. In addi-
tion, the temperature and final solvent concentration are such
that mass transport during drying is usually not accompanied
by the mixture’s rubber-to-glass transition. Therefore, the
materials dry as a single phase and non-Fickian effects such
as anomalous and Case-II kinetics (Lustig, 1989) do not oc-
cur. Moreover, under certain conditions (Durning and Mor-
man, 1993) stress-related contributions to diffusion flux can
be ignored, which is then given by Fick’s law.

The model developed here is based on the conservation
laws of the total and the solvent mass and the total momen-
tum together with constitutive equations (CEs) for the mix-
ture stress and diffusive flux. The gels of interest are nearly
incompressible and exhibit little or no volume change on mix-
ing, that is, the partial specific volumes of polymer and sol-
vent are independent of pressure and composition. However,
the theory can be extended to handle compressibility effects.
The stress in the drying gel is taken from Kenyon’s (1976b)
mixture theory to consist of an isotropic pressure and a “con-
tact stress” due to the deformation of the polymer network.
The contact stress is derived from a nonlinear elastic or more
general differential hypoelastic law (Eringen, 1962).

The conservation laws CE and equations of state are con-
veniently expressed in terms of the velocity of the solid com-
ponent and then reformulated on an elliptically generated,
boundary-conforming but independently evolving finite-ele-
ment mesh. The equations are discretized in space by various
Galerkin and upwinded finite-element methods, and the
resulting large system is integrated in time by means of a
differential-algebraic system solver. The hypoelastic CE used
endows the governing system with all the difficulties encoun-
tered in solving viscoelastic flow problems at a high Deborah
number (Keunings, 1989) and was handled efficiently with the
mixed method of Guenette and Fortin (1995).

Three sample drying problems are solved. The first and
simplest, drying of a uniformly coated film, has an analytical
solution that is used for model validation and for comparing
residual stresses computed with various CEs. The second
problem is stress development around a rigid cylindrical in-
clusion in a suspended film being dried from both sides as in
certain stretching and drying operations in tenter-frame
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ovens. The third problem is prediction of stress development
around a rigid spherical inclusion in a two-layer photographic
coating causing particle migration and the so-called “starry
night” defect, a common plaque in the photographic industry.

Governing Equations

The evolution of deformation and stress in a drying gel
(polymer-solvent mixture), here assumed to be isothermal, is
governed by a set of conservation laws and CEs. The overall
continuity, the continuity of one component (polymer), and
the overall momentum equation with negligible inertia and
body forces are

ap

= TV (pp)=0 ()
p,
—E+V~( ppv,) =0 (2)

V-T=0 (3)

Here, T is the Cauchy stress tensor of the mixture, v the
mass-average velocity, w the solvent mass fraction, and p the
total mixture density given by an equation of state of the form,
respectively.

i

T, (- wyd,

P=P(Pf’W) C)

Here d,, and d, are the inverse partial specific volumes of
solvent and polymer and may depend on T and on w; p, =
p(1—w) is the polymer density and v, the polymer velocity.
The set (Eqs. 1-4) is closed by constitutive equations for T,
and for the diffusive flux j= p,(v —v,), both of which will
be specified in detail below.

Common boundary conditions for the system (Egs. 1-3)
are: on all rigid boundaries, specification of polymer velocity
(no slip); at free surfaces, vanishing air friction, capillarity,
and polymer flux, along with solvent flux (or evaporation rate)
characterized by a mass-transfer coefficient k,,. The free sur-
face stress condition, equations for the polymer flux (kine-
matic condition) and for the total flux at a free surface are

nT=0 5
n-(vp—xFS)=0 (6)

n(v—dps) =kp(y,—y) =k, Hw,—w.)  (7)

where X is the velocity of the free surface; n is the local
unit normal to the free surface; y, and y, are the water mole
fractions in the air just above the gel surface and far away
from the surface; and H is a Henry’s law coefficient, which
relates water mass fractions in the gel w with water mole
fractions in the air y at equilibrium.

Diffusive flux

Solvent transport in polymers causes rearrangement of the
macromolecular chains to conformations consistent with the
new penetrant concentration. If this chain rearrangement oc-
curs on a time scale comparable to that of diffusion, such as
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when accompanied by the mixture’s glass transition, signifi-
cant changes in its mechanical and transport properties occur
and non-Fickian diffusion kinetics result (Vrentas et al., 1975;
Lustig, 1989). In photographic film coating, however, the
temperature and solvent concentration during drying are usu-
ally such that the mixture remains above its glass transition.
Therefore, a single (rubbery) phase persists and non-Fickian
effects do not occur. Such Fickian diffusion regimes in poly-
mers have been classified by Vrentas et al. (1986) as “elastic,”
“viscous,” or “rubbery elastic” after the corresponding re-
gions in the linear complex modulus vs. frequency plot. Pho-
tographic coatings are gelled before and during drying, so the
diffusion mechanism is rubbery elastic. Still, stress related
contributions to the diffusion flux can be important and can
cause inhomogeneous equilibrium in the gel under boundary
constraints (Durning and Morman, 1993). Such contributions
are neglected here as available data on diffusion coefficients
in gelatin and related gels do not account for them either
(Yapel et al.,, 1994; Price et al,, 1977). Therefore, the diffu-
sive mass flux j is taken to obey Fick’s law with a concentra-
tion-dependent binary diffusion coefficient D

J= 00— 0,) =~ pDV. (®)

Stress in the solid-fluid mixture

Two general approaches have been used in developing CEs
for mixtures of fluids and elastic solids. The first is based on
mixture theory concepts. These theories are either phe-
nomenological and utilize physically intuitive models for the
forces on each component to relate transport and stress
(Tanaka et al., 1973; Matsuo and Tanaka, 1988; Li and
Tanaka, 1990; Thomas and Windle, 1982; Durning, 1985; Cox
and Cohen, 1989; Doi and Onuki, 1992; Onuki, 1993; Wu
and Peppas, 1993a,b), or based on rigorous rational thermo-
dynamics frameworks (Crochet and Naghdi, 1966; Dun-
woody, 1970; Kenyon, 1976a,b; Cohen and Metzner, 1986;
Lustig, 1989) that guarantee consistency with the second law.
In this approach the total stress is taken as the sum of partial
stresses due to the polymer network and the penetrant fluid.
Swelling is viewed as a strain caused by the stress that the
penetrant exerts on the polymer network. Thomas and Win-
dle (1982) and Durning (1985) identified the osmotic pres-
sure as the swelling stress. This approach is useful mainly in
swelling processes in which solvent activity is close to unity. It
can predict syneresis effects and non-Fickian diffusion kinet-
ics (Lustig, 1989). Its main disadvantage is that it requires
CE:s for partial quantities which may be unmeasurable.

The second approach is empirical (Larche and Cahn, 1982;
Kim and Neogi, 1984): it requires a CE for the fotal mixture
stress (accounting for both mechanical and swelling strains)
rather than the individual partial stresses. The notion of a
solid framework is still required, however, since elastic
stresses are caused by the deformation of the polymer rather
than that of the mixture. The resulting equations are isomor-
phic to those of thermoelasticity (Sih et al., 1986; Malvern,
1969) except when stress-induced diffusion is taken into ac-
count. This approach cannot predict equilibrium composi-
tions, but requires them as input data; it has been applied
mainly to drying processes. Durning and Morman’s (1993)
method straddles the boundary between phenomenological
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and mixture theory models. It does not invoke individual
component balances, but is based on an entropy inequality
with the diffusive flux being a constitutive quantity deter-
mined from the mixture’s total free energy.

Here, we follow the mixture-theory approach of Kenyon
(1976a,b) that provides a framework for CEs of mixtures of
elastic solids and perfect fluids. According to Kenyon (1976b),
in an incompressible mixture, the stress in the fluid is an
isotropic pressure p;, which induces a self-equilibrated pres-
sure in the solid. On an area average basis, the pressure in
the fluid is ¢, p, and the self-equilibrated pressure in the
solid is ¢,p,, where ¢, = pw/d,, and ¢,= p(1—w)/d, are
the volume fractions of solvent and polymer. The total stress
in the mixture is then the sum of p;, and the “contact stress”
7, that arises from the macroscopic deformation of the solid
(polymer network)

T=-pl+r1, )

The contact stress is derived from the free energy density of
the polymer network ¢,: (cf. Kenyon, 1976b, Eq. 3.27)

(9¢lp
=~ pe 2t 10
o T P (10)

where ¢ = (dx/9X)T(dx/9X) is the Finger tensor of the poly-
mer network that relates the length of a small element in the
deformed state x to its length in the undeformed state X.
Here we consider a simple model for the elastic free energy
density of the form

v, RT
%(11,"2’13)2%7(11_3—1“[3) (11)

where

2
1 0
I=tre, [255([12~m'2), I3sdetc=(f-) (12)
»

are the basic invariants of tensor c; cf)[? is the polymer volume
fraction of the initial state, which is also assumed to be the
relaxed state at which the crosslinks were introduced; v, is
the number of crosslinks per unit volume of dry polymer, R
is the gas constant, and T the absolute temperature. The re-
sulting contact stress is

Tp=iﬁG0E+f‘%(—K—0 —g—g)ltrE, E=c—1I (13)
&7 p2\ 2 3

where K, and G, are the bulk and shear modulus of the
polymer network at the relaxed state, given by G, =2y, RT
=3/2 K,. Equation 16 is rubber elasticity (Treloar, 1975).
Lustig’s (1989) elastic model is similar but with K, = B/C +
4v,RT/3, the first term on the righthand side arising from the
(linear) compressibility of pure polymer chains. However, the
contributions to the moduli from the macroscopic network
elasticity and the microscopic chain compressibility are not
additive (see Biot and Willis, 1957; Kenyon, 1976b, Eq. 3.22).
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Nevertheless, in general, G, and K, need not be related as
in the kinetic theory of rubber elasticity and should be mea-
sured independently.

The volumetric (second) term on the righthand side of Eq.
13 can be conveniently included in the isotropic pressure term
of Eq. 9. Then the stress is given by

T=-pI+7, 7=-—7G,E (14)

where 7 is the “extra” stress which also satisfies the incre-
mental (differential) law

a7
F= = +v, V7 -V, 17— T'Vl/';'f' 7V-v,=GD,,

2

GEGO?
P

(15)

Here D, =(1/2)[Vv, +(Vp,)"] is the deformation rate of the
dry polymer network; the caret = denotes the so-called Trues-
dell objective stress rate (hereafter referred to as the “UCT”
rate), which is the upper convected maxwell (UCM) rate aug-
mented with the term 7V-v, that accounts for the changing
polymer density (Eringen, 1962; for a molecular basis see also
Edwards and Beris, 1990). More general incremental laws can
be obtained if the shear and bulk moduli exhibit a power’law
dependence on the polymer volume fraction (McEvoy et al.,
1985). The proper differential law is then

. T
L +uv,Vr + f(7,Y0,) + arV-v,=GD,,

&, 1"
GEG()(ZI)‘%) , f(’T,VDp)E—va-T_T.va' (16)
P

For a =0, Eq. 16 is equivalent to the UCM elastic law that
does not take into account the change of moduli with poly-
mer density. Such a material yields in network compression
such as that accompanied by drying (see Results section). For
general dependence of G on ¢, Eq. 16 describes a class of
nonlinear solid materials called “hypoelastic” which have a
subtle difference from elastic materials: whereas the stress in
an elastic material depends only on the current state of de-
formation, the stress in a hypoelastic material depends on the
entire deformation path but not on the rate at which this
path is traversed (Eringen, 1962). Although an elastic mate-
rial with an invertible CE such as Eq. 15 is hypoelastic, a
complicated relation must hold in order for a hypoelastic ma-
terial to be elastic (see Noll, 1955; also Bernstein, 1960a,b;
Simo and Pister, 1984).

In general. p’ in Eq. 13 is not the mechanical pressure,
—tr(T)/3, because tr(7) is not zero. In order to be able to
handle compressible mixtures in which the partial component
densities depend on the stress, it is convenient to define a
new pressure p so that p = — #(T)/3 (Astarita and Marrucci,
1974, p. 35; Edwards and Beris, 1990)

tr(T)
3

T=—(p+ )I+r (17)

AIChE Journal

July 1998 Vol. 44, No. 7

Compressible Gels.  Although the mixture stress was devel-
oped here assuming incompressible components, the formu-
lation has been already extended by Kenyon (1976b) to in-
clude pressure-dependent solid and fluid densities. In that
case there is an extra isotropic term in the solid and total
stresses

K
—L1f,dp;, (18)

where K, is the compressibility due to macroscopic volume
change (at constant fluid pressure) and f, is the pressure-
dependent factor of the solid density. In the present formula-
tion, however, the additional isotropic term (Eq. 18) can be
included in the pressure term of Eq. 17, which makes the
formulation valid for compressible components. Any effect of
the additional term on the diffusion flux is neglected in this
work but is addressed elsewhere (Powell et al., 1998a).

Empirical CE.  Up to this point, stress CEs based only on
mixture theory have been addressed. For comparison, the
empirical approach gives the total stress in the mixture (such
as by direct generalization of linear hygroelasticity)

. 1
T=K, V-vp+m(w+vp-VW)]I

IV-up
+2Gm(Dp— 3 ) (19)

Here, K,, and G, are the bulk and shear modulus of the
entire mixture rather than those of the polymer network alone.
The first term in the righthand side of Eq. 19 accounts for
the volumetric strain from a reference state that evolves con-
tinuously with solvent removal. For incompressible mixtures
(K,, — ), this term becomes indeterminate and again can be
conveniently handled by a pressure. The total stress is then
given by Eq. 9 but with 7 being now an “extra” stress satisfy-
ing

IV-vp) (20)

Polymer velocity formulation

Because the CE (Eq. 16) involves only the polymer velocity
v,, it is convenient to express all equations in terms of the
same velocity by eliminating the mass average velocity v
through the flux Eq. 8. The overall continuity equation, conti-
nuity of polymer, and solvent flux at the free surface become

P D

8—’;+V'(pvp)—V'(1L_;Vw)=0 (21)
1-w

WW-[,)U—W)DP] -0 (22)
D

" ( - 1—_—’);\7w) =k, H(w —w,) (23)

Next, the time derivative of p is expressed in terms of those
of p and w, and the equations are written in an independ-
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ently moving frame of reference (to be identified below as
the finite-element mesh). That is, time derivatives d/9¢ at a
fixed location are transformed to time derivatives at fixed
transformed coordinate in the new frame (denoted by an
overdot) by using the identity

Ay -V 24
P et AL (24)

With the relative velocity between the polymer and the new
frame ¢ = v, — x, the stress CE, overall continuity, and conti-
nuity of polymer equations become ( 8 = 1 invokes the empir-

ical theory)

B
THeVr+ f(r,V0,)+arVop, = ZG(D],— ?IV'U[})

(26)

%(W-&c-Vw)—V'(TP_—p;VW):O (27)
V-vp+%ﬂ(p+6'\’p)

+(%fvp)_-l._l—w)(w+c-\7w)=o (28)

Finite Element Solution
Mesh generation

Essential to the finite-element solution of free boundary
problems is the effictent and robust tessellation of the flow
domain and unknown boundaries. Although a Lagrangian
mesh that follows the motion of the polymer network would
avoid the troublesome convective terms in the CE, it is un-
suitable for the problems in this study because of the large
deformation that the gel suffers in the course of drying. The
method of choice here is the elliptic mesh generation system
of Christodoulou and Scriven (1992), which produces meshes
capable of following large deformations without significant
deterioration of smoothness and orthogonality while allowing
independent control of nodal point concentration (cf.,
Thompson et al., 1985). Details for choosing the necessary
control parameters of this system can be found in the afore-
mentioned (Christodoulou and Scriven, 1992) article.

Mixed formulations

Transient states of the system (Egs. 3, 6, 26-28) combined
with the two equations of the elliptic mesh generation system
were computed by mixed finite-element methods that expand
the various fields in terms of independent trial (basis) func-
tions. Galerkin’s method was used for the momentum, overall
continuity and polymer continuity equations, whereas two up-
winding methods were used for the CE. Velocity, pressure,
extra stress, solvent concentration and nodal coordinates were
expanded in two-dimensional trial functions: velocity and sol-
vent concentration in nine-node biquadratic functions; pres-
sure in three-node linear discontinuous functions for incom-
pressible components; four-node bilinear continuous pres-
sures are necessary for compressible mixtures as convective
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time derivatives of pressure appear explicitly in Eq. 28. Vari-
ous functions were tested for the extra stress, as detailed be-
low.

The nonlinear, differential-algebraic system of equations
for the vanishing of the weighted residuals was obtained by
multiplying each equation by the appropriate test function,
integrating over the physical domain, and applying the diver-
gence theorem to the momentum and diffusion equations. In
axisymmetric problems the weighting functions were divided
by the radial coordinate resulting in more uniform weighting
of the residuals between regions close to and away from the
axis. The weak forms of the overall continuity (combined with
mass transfer at free surface), continuity of polymer, momen-
tum, stress, and kinematic equations are

o Dp ,‘
Ll_w(w+c-Vw)<bdA—fA]—_‘;V¢~deA
[ Kulw, = w)od(04) =0 (29)
A

Jl
/A[V-vpﬁ——g;i)([)-i—c-Vp)

LT-V¢¢A‘LAn-T¢d(aA)=0 GD

f [1" +cVer +f(T,va) —ZG(DP - glv-vp)]zd/l =0
A
(32)

| necads=0 (33)
dA

where 7, ¢, and ¢ are the basis functions for pressure, extra
stress, and velocity (¢ is also used to expand ‘solvent mass
fraction and nodal coordinates) and G in Eq. 32 is given by
Eq. 16. The hyperbolic nature of the stress equation was han-
dled with either the consistent streamline upwind Petrov-
Galerkin method (SUPG) or with the inconsistent Streamline
Upwind method (SU), both of which add a small amount of
stabilizing artificial diffusion along streamlines by making use
of the modified weighting function (for details and the pre-
cise definition of k, see Marchal and Crochet, 1987)

g =+ ko, Vg (34)

Essential boundary conditions were imposed by replacing
the corresponding weighted residual equation with the de-
sired variable specification.

Consistency of Mixed Formulations. As in the velocity-
pressure (u-p) formulation of Newtonian flow, mixed finite-
element formulations of viscoelastic flow are stable only for
certain combinations of the trial functions. For instanta-
neously elastic CEs, Crochet (1982) showed that the momen-
tum equation acts as a constraint on the CE, and for the
Jacobian matrix of the system to be nonsingular, the extra
stress should be derivable from the velocity field, setting a
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lower limit on the number of extra stress unknowns per ele-
ment. A more stringent requirement is satisfaction of the so-
called LBB (or “inf-sup”) consistency condition (Reddy, 1984),
which, however, is difficult to apply for the complex problems
addressed here. To satisfy this condition in the Newtonian
limit, Marchal and Crochet (1987) showed that the set of ex-
tra stress functions should include that of the velocity gradi-
ent, a severe restriction requiring the extra stress functions to
be discontinuous at interelement boundaries. Such disconti-
nuity is incompatible with the convective terms in the CE.

The straightforward Mixed Finite Element (MFE1) method
of Kawahara and Takeuchi (1977) uses continuous stress
functions, but does not satisfy the LBB condition and does
not reduce to the u-p formulation in the Newtonian limit.
Three other formulations, the MFE2 of Crochet and Keun-
ings (1982), the MFE3 of Mendelson et al. (1982) and the
more successful Elastic-Viscous-Split-Stress (EVSS) method
of Rajagopalan et al. (1990) explicitly introduce the velocity
into the momentum equation and do reduce to the u-p for-
mulation in the Newtonian limit. However, none of these is
applicable to the hypoelastic limit. Marchal and Crochet’s
(1987) 4 x4 stress subelements (see also Crochet and Legat,
1992) satisfy the LBB condition in the Newtonian limit (For-
tin and Pierre, 1989), but are computationally expensive. Even
more expensive is the “product approximation,” with the
stress-velocity products as independent unknowns and dis-
continuous stress, first implemented for hypoelastic materials
by Liu (1986, 1988) and Liu et al. (1991).

Guenette and Fortin (1995) extended the benefits of the
EVSS method to CEs that are based on a conformation ten-
sor, which also makes it applicable to hypoelastic materials.
Following Arnold and Brezzi (1993), they expanded the de-
formation rate in terms of continuous functions and aug-
mented the momentum equatior with a regularizing term
proportional to the difference between the deformation rate
D, and its smoothed counterpart d

V-[r—pl+2y(D,—d)] =0 (35)
d

]

D, (36)

The velocity is thus explicitly introduced in the momentum
equation and any restrictions on the stress basis functions are
bypassed. Clearly, Eq. 36 and the additional term in Eq. 35
are meaningful only at the discrete level. The weak form of
Eq. 36 is

fA(d—Dp)WrdA=0 (37)

Bilinear continuous functions can now be used for both the
extra stress and d, making this method very efficient, espe-
cially for multimode viscoelastic CEs. More recently, Liu et
al. (1997) introduced the Discrete Elastic-Viscous-Split-
Stress-Gradient formulation (DEVSS-G), a variant of the
Guenette-Fortin (GF) method that smooths all components
of the velocity gradient tensor Vv, and uses them in the stress
CE. This method satisfies the compatibility requirement that
the stress space include the space of the velocity gradient.
Effect of Solvent Viscosity. Instantaneously elastic models
like Eq. 15 are often plagued by artificial changes of type or

AIChE Journal

“Hadamard instability” causing unbounded growth of short
wave disturbances and loss of the well-posedness (or evolu-
tionary character) of the initial-boundary value problem with
disastrous computational consequences. Equation-type analy-
sis of the coupled set (Van der Zanden and Hulsen, 1988)
established that in order to maintain “evolutionarity,” a cer-
tain tensor y that reduces to the tensor 7+ u,/Al (=7 +
GI) for the UCM model should be positive definite. Evolu-
tionarity is guaranteed for the UCM, lower convected
Maxwell (LCM), and UCT models (Joseph, 1990) in the con-
tinuum limit but not in their numerical approximations
(Dupret et al., 1985).

Addition of solvent viscosity to instantaneously elastic
Maxwell-type models turns them into retarded elasticity
models and regularizes the coupled set formed by the mo-
mentum, continuity equations and CEs (Joseph, 1990; Van
der Zanden and Hulsen, 1988). The new set does not exhibit
a change of type even when the material properties depend
on the deformation rate. More importantly, numerical loss of
positive definiteness of y does not necessarily result in
Hadamard instability and ill-posedness. Accordingly, in our
calculations, a minute amount of Newtonian solvent stress 7,
was added to the total stress 7 in Eq. 14, where

7,=uD,, (38)

Here, p, is a small numerical parameter.

Time integration

Area integrals in the weighted residuals (Eqgs. 29-33, 37)
were evaluated by nine-point Gaussian quadrature and line
integrals by three-point quadrature. As in the Newtonian case,
the result of integration is a system of differential and alge-
braic equations of index two (Petzold, 1982a), R(t,y,y) =0,
for the vector of time-dependent coefficients y =[u;, v;, p;,
Wis Texms Teyms Typmo Gxr Gy dyyy X, 3} for 2-D Cartesian
geometries, or for y ={u;, v, Pjs Wis Trms Trams Tozms Togms
d,,d,, d,, dy, x;, y;]” for axisymmetric geometries. The
time-stepping method of choice was the differential-algebraic
system solver DASSL (Petzold, 1982b), based on a variable
time-step, variable order backward difference method.
DASSL uses Newton’s method for finding the discretized
equations and requires a linear combination of the Jacobian
and mass matrices which was approximated using the finite

difference formula

— + wo—
ay y

(39)

(&R ﬂR) R(y+ee;,y+ewe;)— Ri(y,y)
ij— €

where e; is the unit vector in the jth direction and € is a
small number taken as a sum of a relative term proportional
to llyll and an absolute term independent of ||y[i. Hood’s
(1976) frontal solver was used for finding the solution of the
resulting linear equations.

Initial Conditions. While differential CEs allow imposi-
tion of arbitrary initial stress, this stress must be compatible
with the initial displacement for a unique solution to exist
(Eringen, 1962). Here, it is assumed that no frozen-in stresses
remain after gelation and that gravity effects are negligible;
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accordingly, initial conditions were taken at zero stress. In
general, as is suitable for index-II differential-algebraic sys-
tems, consistent initial conditions and time derivatives close
to an arbitrary initial state can be calculated by taking two
first-order backward difference steps with suppressed time
truncation error control (see Christodoulou and Scriven,
1992). Some additional modifications that are known to en-
hance the performance of DASSL in Newtonian flow prob-
lems (Petzold and Loetstedt, 1986) were also incorporated.

Applications

We have applied the model to study drying of polymer gels
coated on rigid substrates in three geometries, all of consid-
erable practical importance: uniformly coated films, around
rigid cylindrical particles in free-standing films, and around
spherical particles in coated films. We tried CEs based on
Eg. 26 with the UCM (a =0) and UCT (a =1) rates, and in
combination with the mixture theory or with the empirical
laws. The component densities are taken constant, that is,
compressibility and volume change on mixing were ignored
making weight fractions numerically equal to volume frac-
tions. Equations 26-28 and 35-36 were made dimensionless
by measuring length in units of initial thickness L, stress
and pressure in units of shear modulus G, time in units of
L%/D,, and velocity in units of D,/L,. The resulting dimen-
sionless parameter is the Biot number Bi = k,, HL /D, which
is the ratio of the mass-transfer resistances in the air and in
the gel, and in the presence of solvent viscosity (retardation),
a second dimensionless number, 8, = u,D/GL3. The gel is
assumed to be stress-free in the initial state with w = w,, and
is then exposed to air which would be in equilibrium with a
gel of w=w,.

Drying of a uniformly coated gel layer

The first application is drying of a uniform gel layer coated
on a flat, rigid substrate as depicted in Figure 1. This test
case serves to validate the visco/hypoelastic stress model, and
to investigate the predicted stress growth with various objec-
tive stress rates. The mass-transfer resistance in the gas phase
is assumed to be much larger than that in the gel thus elimi-
nating any gradients in the gel. A macroscopic solvent mass
balance across the thickness of the coating combined with
the boundary condition (Eq. 23) gives

solvent evaporation
no polymer flux

shrinkage 30x1

\ mesh
RIGID & ESIBEIE;:\

no solvent flux
no polymer ftux

\solvem

|on

T

Figure 1. ldealized system and initial finite-element

mesh for drying of a uniformly coated layer.
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14
LT (40)
dt
here V= AL = AL1-wyAl—~w) is the volume of the
coating, A is its surface area; L and w are the current thick-
ness and (uniform) solvent mass fraction of the coating; L,
and w,, are the corresponding initial values. Equation 40 is
integrated analytically to yield an algebraic equation for w =
w(¢t) (in dimensionless form)

w—w, 1—w, 1 (l—wo

wo—w, 1—w - 1-
The deformation of the polymer network vanishes in all but
the thickness direction, and the strain is E,, ~wy)1—

w)]? —1. For B =0, the contact stress is then glven from Eq.
16.

1) = Bit (41)

1]__20)2—1} “2)

The same problem was solved with the 2-D finite element
model] with periodic boundary conditions that make it effec-
tively 1-D. A 30X 1 element mesh was used with Galerkin’s
method (no upwinding), linear discontinuous pressure, and
continuous biquadratic extra stress. Figure 2 shows that the
evolution of w(¢) and 7,,(¢) from Eqgs. 41 and 42 agrees well
with that computed w1th the finite-element model. Indepen-
dent validation of the diffusion equations was also per-
formed, but this is straightforward and details are not re-
ported here.

From the computed 7,,, it is easy to calculate the total
in-plane stress 7,,. In the absence of capillary effects, the
total stress normal to the free surface is equal to the ambient
pressure, which is taken to be atmospheric (pressure datum),

ry,,=GE<1—w)“[(

SO TXY =—p+r, =0, and therefore p=r,, everywhere in
the film. Moreover, because T, = (), by definition T,
T,=-p=~—r,. The predlcted growth of T, over time for

various values of the constitutive parameters is shown in Fig-
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Txx - analytical w
< Txx - simulation =
[
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5 oy b
[} i Bi=001 Y
% ' Wos 0g 08 é
@ 0.6 | w005 T
b
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=) 2
. ®
0.2 w — analytical -
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x
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0.0 1.0 2.0

Drying time, Bi t

Figure 2. Analytical and numerical predictions of stress
and concentration histories for drying of a
uniformly coated layer.
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Figure 3. Predicted time evolution of the in-plane stress
T, with various constitutive laws.

ure 3 and, as a function of the linear measure of deformation
8 =(L — Ly)/L,, in Figures 4 and 5.

With the UCM law, T,, = —7,, grows linearly at first but
soon saturates at one, long before the film is completely dry.
The reason is that these stresses are generated by a compres-
sive polymer velocity field. Indeed, a hypoelastic UCM solid
vields under compression and cannot support a compressive
stress higher than its shear moduius (Eringen, 1962). There-
fore, such a model is suitable only for small deformations.

With the empirical UCM law (a¢ =0, B =1), T, keeps in-
creasing beyond unity with no sign of yield. Part of T,, is
now contributed by the nonvanishing in-plane “contact” stress
T,,, which is tensile and therefore does not exhibit hypoelas-
tic yield (Eringen, 1962). With the UCT mixture law (a =1,
B=10), T,, grows faster as the modulus now increases with
polymer mass fraction. The stress growth is linear with vy
initially, but accelerates at large deformations. With the em-
pirical law ( 8 = 1), the growth of 7, deviates from linearity
earlier, resulting in even higher residual stress. Clearly, the

3.0
( Bi=001 |
L w,=09 |
| w,=0.05 "
}‘;z a=1 : UCM, B=1
| |Mesh: 30x1]
a 20 e
o
>
@
c
<
Q
_IE 1.0 §
0.0 - :
0.0 0.2 0.4 0.6 0.8 1.0

Linear Strain -8

Figure 4. In-plane stress T, as a function of linear strain
6 =(L-Ly)/L, predicted by the UCM-type
constitutive laws.
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Figure 5. In-plane stress T, as a function of linear strain
8 =(L—Ly)/L, predicted by the UCT-type
constitutive laws.

parameters a and B8 have to be chosen for the material at
hand from independent rheological measurements. Unless
otherwise noted, in the rest of the examples below we used
a =1 and B =0 (equivalent to rubber elasticity).

Cylindrical particle in a clamped layer

A more interesting problem is that of a rigid particle in-
cluded in a polymeric film suspended at the edges but not
attached to a substrate (such as during stretching or drying in
a tenter-frame oven). Depending on the composition of the
film, the polymer might be a simple melt (such as poly-ethyl-
ene-terephthalate), a solvent laden gel (such as poly-vinyl-
fluoride), or a reactive solvent laden gel (such as poly-imide).
The particles are added to provide surface roughness that
eases film transport, or to reduce the gloss of the film, or
they may be chemically functional (such as flame retardants).
Here, we consider the area around a single particle included
in a gel cast film being dried. Because two axes of symmetry
exist, the computational domain reduces to only a quarter of
the entire particle shown in Figure 6 along with the imposed
boundary conditions.

This more complicated geometry allows assessing various
numerical methods for treating the CE. With the standard
MFE1 and continuous biquadratic stress, Newton iteration
failed at ¢ =1.13 (dimensionless time units), when the film
was still wet (w = 0.037 at the free surface above the particle
and w=0.13 at the substrate). Upwinding (SUPG, SU),
product approximation or rate of momentum formulations
and mesh refinement resulted in no improvement. In every
case, around ¢ =1.15, a very sudden instability occurred as
stresses grew large: severe spatial oscillations (“wiggles™) first
appeared in the velocity field and were shortly followed by
loss of convergence of the Newton iteration.

The determinant of the dimensionless tensor y =7 + I was
monitored during the integration. It was found that it turned
negative at ¢ = 0.95 (see Figure 7) and was shortly followed
by the appearance of wiggles in the velocity field failure of
the Newton iteration. The integration was then repeated with
a minute amount of solvent viscosity B, =0.03. This sup-
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Figure 6. Idealized system and computational domain
with boundary conditions for model of drying
around a cylindrical particle in a free-standing
polymer film.

pressed the instability with the UCM law and the computa-
tion proceeded until the film dried completely. The UCT law,
however, still failed at ¢ = 1.3, when w at the top of the coat-
ing was 0.058 and at the bottom 0.082.

The best results were obtained with the GF and DEVSS-G
formulations with y =1 and B; =0.03; no spurious oscilla-
tions were evident and the gel dried completely with either
the UCM or UCT rates. DEVSS-G resulted in a somewhat
smoother stress field, but time integration was about 10%
slower than with GF. Using B, =0 also resulted in smooth
fields but the time integration became extremely (about 50
times) slower. Figure 8 shows the computed free surface and
finite element mesh evolution during drying of a UCT mate-
rial.

Figure 9 shows, on three successively refined meshes (of
14X 6, 20x 8, and 30X 12 clements) and at ¢ = 0.75, predic-
tions of the pressure p and of the Von Mises stress function
T,, =y (7 = Itr(s) /3):(7 — Itr(7) /3) , which measures the
likelihood of mechanical failure. The reason for choosing this
intermediate time to report the computed fields is that the
extreme strains in the gel at later times cause the stress to
lose some of its smoothness. The maximum and minimum
values of these variables converge with mesh refinement.
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Loss of positive
definiteness

Figure 7. Loss of positive definiteness of det( y) fol-
lowed by appearance of wiggles in the veloc-
ity field and breakdown of the computation
with the MFE1 formulation.

Contours of the total stress components and of T,,, in the
final dry state are shown in Figure 10. The in-plane compo-
nent 7, is tensile (positive) along the horizontal plane of

symmetry and rises away from the particle. The out-of-plane

Sh=1 a=1

Wp= 0.9 8 =1

W, = 0.05 B=0
Mesh: 30x12

Figure 8. Free surface and finite-element mesh evolu-
tion during drying around a cylindrical parti-
cle in a free-standing (symmetric) polymer film
predicted using the DEVSS-G formulation.
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Figure 9. Convergence study of the numerical solution
for pressure and Von Mises stress function for
drying around a cylindrical particle in a
free-standing fim at t =1.

component 7, is also tensile over most of the region, but
reaches its maximum on the particle surface. The shear com-
ponent 7 also reaches its largest magnitude on the particle
surface at a latitude of 45°. The net effect is a maximum in
7,,. on the surface of the particle around a latitude of 30°.

ovm

This is where mechanical failure is most likely.

Spherical particle in two-layer photographic film (“starry
night” defect)

The ultimate goal of this work was to study a defect that
occurs in the manufacture of black and white photographic
films used in graphic arts. Typical graphic arts photographic
films are multilayer structures in which one (or more) silver
halide bearing photographic layer is protected by an overcoat

Tum
©Min: 45
*Max: 152

+ local maxima
¢ local minima

Figure 10. Predicted stress tensor components and Von
Mises stress function at the end of drying (5%
solvent) around a cylindrical particle in a
free-standing film.
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layer. In the wet state the layers are typically 50-100 um
thick after coating. They are immediately chilled into re-
versible gels that can withstand the impinging air in the dryer
without visible surface deformation, and then dried to a
thickness of the order of 5 um. In order to achieve surface
roughness and other desired properties in subsequent film
processing, inert solid particles are usually added to the over-
coat layer. The size of these particles is typically 0.1-10 um
in diameter. Thus, although the particles enter the dryer
smaller than the wet coating thickness they produce a signifi-
cant distortion in the dry film. During drying, these particles
may penetrate the photographic underlayer causing micro-
scopic holes in the developed image. The appearance of af-
fected film, viewed under a microscope, gives rise to the com-
mon name “starry night.” Starry night can be controlled by
lowering the line speed (that is, the drying rate) or it can be
compensated by increasing the silver halide content of the
film. Because of the high cost of silver, the line speed is fre-
quently limited by the starry night constraint. Predictably,
published discussions of the starry night defect have been
limited to the patent literature (Anonymous, 1982; Heigold
and Hoskyns, 1979; Whitmore and Coryell, 1968; Bagchi et
al., 1989) and professional society conferences (Lightfoot and
Christodoulou, 1990; Christodoulou and Lightfoot, 1992).

Because of the low temperature of chilling, no significant
amount of drying occurs before the coated sol has gelled;
thus, any complications of the sol-gel transition can be de-
coupled from the drying problem. Here the polymer gel was
modeled as a nonlinear elastic or hypoelastic solid. The mean
distance between matte particles in the coatings is of the
order of 10 to 15 particle radii, large enough so that particle-
particle interaction can be safely neglected. An idealized
system considered here is a cylindrical piece of two-layer
photographic coating with a single spherical particle in the
top layer. Because of the axisymmetry, only half of the parti-
cle was simulated. The computational region along with im-
posed boundary conditions is also shown in Figure 11.

With the DEVSS-G formulation and g, = 0.03, integration
proceeded smoothly until the film dried completely. Figure
12 shows that the elliptically-generated meshes successfully
track the motion of the physical region without excessive ele-
ment distortion. Figures 13 and 14 show contour plots of the
predicted stress components and of the residual Von Mises
stress function 7,,,,. Both the in-plane stress 7,, and the peel-
ing component T,, are tensile over much of the region, at-
taining maxima on the surface of the particle. Both turn com-
pressive, although smaller, beneath the particle and along its
lower surface. The shear stress 7,, also attains maxima on
the particle. The hoop stress T, has a tensile maximum at
the north pole, and a compressive maximum at the south.
The net effect is a maximum in T,,, on the surface of the
particle just above the equator.

The computed residual stresses not only show where the
material may fail, but also help to uncover the mechanism of
starry night: because of the adhesion constraint, a tensile
stress parallel to the particle surface develops in the gel which
in combination with the curvature of the particle gives rise to
a capillarity-like downward force that pushes the particle into
the lower photographic layer (see Figure 15).

With a working model that can predict particle penetration
into the photographic layer, it is now possible to investigate
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Figure 11. Idealized system and computational domain
with imposed boundary conditions for model
of drying around a spherical particle in a
polymer layer coated onto a substrate
(“starry night” defect probiem).

the effect of varying the rheological properties of the two
layers. Figure 16 shows that the final penetration of the parti-
cle into the lower (photosensitive) layer increases by a factor
of three as the modulus ratio of the lower to the upper layer
is reduced tenfold from 1 to 0.1. The UCM model has been
used to describe the elasticity of the gel in this case. For the
same case, Figure 17 shows the effect of modulus ratio on the
time evolution of the minimum lower layer thickness (that is,
the lower layer thickness at the south pole of the particle).
Figure 18 shows, again for the lower layer, the effect of mod-
ulus ratio on the ratio of minimum thickness to normal thick-
ness (away from the particle) and on the ratio of maximum
thickness (at the ridge of the crater formed by the lower layer)

t=0.0 t=15
e o i i Bi= 1.0 -1
- wg=0.9 =0
Weo = 0.05 =1
T n =003
Mesh size: 36x8

Interface b upper (f
and lower (photgraphic) layers.
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-25.3
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Min = -48.5 i\ °
oM 49_ [\ » Max= 730

* Max= 158

84

+ local maxima ¢ local minima

Figure 13. Predicted stress tensor components at equi-
librium (end of drying) for the starry night
problem.

to the minimum thickness. The last two thickness ratios are
expected to better quantify the starry night defect. Clearly,
reducing the lower layer modulus reduces the minimum lower
layer thickness and therefore exacerbates the defect. These
results are in accord with the mechanism of the defect uncov-
ered above with the help of the model.

In reality, the gel along the upper half of the particle is
expected to dry and stiffen more rapidly than the gel in the

30.

Tum
oMin= 26
® Max= 38.7

) 387
¢ local maxima

¢ local minima

255 /
3.0

<

Figure 12. Predicted free surface and finite-element
mesh evolution during drying for the starry
night problem.

1494 July 1998 Vol. 44, No. 7

Figure 14. Predicted Von Mises stress function at equi-
librium (end of drying) for the starry night
problem.
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Figure 15. Mechanism of the starry night defect.

lower half. It is possible that the wetter gel in the lower half
yields, causing additional particle penetration into the lower
layer. This can be further exacerbated when simultaneous
hardening reactions take place that usually further stiffen the
drier regions of the gel (see Croome, 1976).

Conclusions and Future Directions

A model is proposed for predicting stress growth and de-
fect formation in drying of polymer films encountered in pho-
tographic and automotive applications. The model describes
solvent loss accompanied by large deformation of the poly-
mer network. The latter is treated as a nonlinear solid de-
scribed by a differential CE of the hypoelastic type. Mass
transfer and thermodynamic nonlinearities were not included
in order to simplify the search for a robust numerical method.
The governing equations were put in terms of the polymer
network velocity and discretized on an elliptically generated
finite-element mesh. Among various mixed-interpolation
methods tested, the technique of Guenette and Fortin (1995)
and its modification by Liu et al. (1997) were found the most
stable and efficient.

The model was applied to predict residual solvent, defor-
mation, stress development, and defect formation in drying
of uniform films coated on relatively rigid substrates, free
standing films (as in tenter-frames), and films with particu-
clusions. Stress predictions have aided in uncovering the
mechanism of “starry night,” a common drying defect in the
photographic industry.
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Figure 16. Final particle penetration into the lower layer
computed with the UCM model for two
lower-to-upper layer modulus ratios.

The model proposed here can be improved in several
ways. The constant diffusion, distribution, and mass-transfer
coefficients that were used in the examples can be readily
substituted with more realistic parameters based on the
Flory-Huggins theory as reported elsewhere (Powell et al.,
1998b). Including the volumetric part of the network stress
in the pressure (that is, using Eq. 14 rather than Eq. 10)
eliminates the need for the osmotic bulk modulus K. The
resulting theory, however, cannot predict equilibrium solvent
concentration, which must now be measured independently.
With the omission of stress-induced diffusion mentioned
above, these predicted equilibrium states are homogeneous.
Nevertheless, such an approach is useful in solving drying
problems in which residual solvent fraction is minute but the
gel does not go through its glass transition, or when the os-
motic elastic modulus of the gel is much greater than its shear
elastic modulus (cf. Durning and Morman, 1993). By con-
trast, to predict polymer swelling, the nerwork stress should
be balanced with the solvent osmotic pressure to determine
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Figure 17. Effect of modulus ratio on the time evolution
of the minimum lower-layer thickness: (a)
global view and (b) expanded view near the
end of drying.

the equilibrium solvent fraction. It is then necessary to keep
the CE in terms of the contact stress 7, and the osmotic
modulus K (see Powell et al., 1998b).

The issue of the thermodynamic consistency of the CE and
the diffusion flux is avoided by excluding stress-induced con-
tributions to the diffusion flux (Eq. 8), thus decoupling stress
and diffusion. As long as a CE with positive dissipation is
used (Leonov, 1987, 1992; Kwon and Leonov, 1995), the total
dissipation will be positive.

With the Finger tensor appearing explicitly in Eq. 14, more
general hyperelastic laws (such as Mooney-Rivlin materials)
can readily be implemented. Stress- and pressure-induced
diffusion can be incorporated in the diffusive flux (Eq. 8), but
those would raise the issue of thermodynamic consistency in
the resulting fully coupled problem. These issues are taken
up in upcoming publications (Powell et al., 1998a,b). Vis-
coelasticity (stress relaxation) can also be included, such as
by solving

)\(¢p) + 7=G(<;bp)E (43)
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in lieu of Eq. 16. Here A(¢,) is the relaxation time of the
polymer network. In the vicinity of the glass transition, the
relaxation time changes by orders of magnitude and leads to
sharp concentration fronts propagating at constant speed,
skinning, and anomalous diffusion kinetics. These are ad-
dressed in forthcoming publications along with extensions to
multicomponent solvents and simultaneous chemical harden-
ing reactions by building on the work of Lustig et al. (1992).
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